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Introduction
Let ℓ be a prime number and K a number field. A milestone theorem in Iwasawa theory states that the exponent e n of the ℓ-part of the class group attached to a finite layer K n of a Z ℓ -extension K ∞ of K is given by e n = µℓ n + λn + ν for µ, λ ≥ 0 and ν integers, for n big enough.
Great efforts have been made in many directions to understand the behaviour of the invariants and to compute them explicitly. In [3] Greenberg considers the set ∆(K) of all Z ℓ -extensions of a number field K and proves that the µ invariant is locally bounded in some dense subset of ∆(K). It is well known that ∆(K) is non-empty. He also proves that λ is locally bounded in a neighbourhood of a Z ℓ -extension L with zero µ(L/K) invariant. These results rely heavily on the fact that the Galois group Gal(H d /K d ) of the maximal unramified ℓ-extension of the compositum K d of the Z ℓ -extensions of K is a noetherian torsion module over the Iwasawa algebra Z ℓ [[Gal(K d /K)]], which is the profinite group algebra of Gal(K d /K) ≃ Z d ℓ for some d. In the same work Greenberg raised some questions concerning the global and maximal behaviour of Iwaswa invariants. Independently Babaȋcev and Monsky proved that the µ-invariant is bounded in ∆(K) [1, 7] . Using a finer topology and generalizing a theorem of Fukuda, Kleine proved that the Iwasawa invariants are locally maximal [6] .
In this work we study these results from the logarithmic arithmetic point of view. That is, our objects will be logarithmic as in [5, 9] .
In loc. cit. we proved that Iwasawa's theorem holds in our setting. That is, the exponent e n of the ℓ-part of the logarithmic class group attached to K n is given by e n = µℓ n + λn +ν for µ, λ ≥ 0 andν integers, for n big enough.
Analogies between the logarithmic arithmetic and classical arithmetic allows us to reproduce some of the proofs in our setting. Nonetheless some preparations must be made. Also, we like to highlight the parts where the Gross-Kuz'min conjecture is used.
The structure of the paper goes as follows. First we start by recalling some results about Z d ℓ -extensions, Λ d -modules and logarithmic arithmetic. Further details on the Iwasawa theory of Z d ℓ -extensions and Λ d -modules can be found in [3] and [8, Ch. V]. For information on logarithmic arithmetic we invite the reader to consult [5, 9] . At the end of the section we recall what we know about the cyclotomic Z ℓ -extension and we introduce the topologies which will be used in this work.
Then in section 3 we prove that the logarithmic module X d asociated to a Z d ℓ -extension is noetherian and prove that assuming the Gross-Kuz'min conjecture it is torsion.
In section 4 we prove some results on the local boundedness of the Iwasawa logarithmic invariants µ and λ of a Z ℓ -extension of K with respect to Greenberg's topology and with respect to log-Kleine's topology. Finally, we also prove that µ is globally bounded on ∆(K).
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Preliminaries

Z d
ℓ -extensions. Let K be a number field and let ℓ be a rational prime number. We denote by r and c the number of real and pairs of complex embeddings of K, respectively. A Z d ℓ -extension K d of K is an infinite Galois extension such that Gal(K d /K) is isomorphic to the product of d copies of the ℓ-adic integers Z ℓ . Every number field admits at least one such an extension in the special case d = 1, namely the cyclotomic extension (e.g. [10, §7.2]).
We have the following bounds (loc.cit. §5.5) for d, the number of independent Z ℓ -extensions of a number field K:
More precisely it is the number of pairwise independent Z ℓ -extensions of K. The equality d = c + 1 holds when K/Q is abelian and in some other cases. Leopoldt's conjecture asserts that in fact the equality d = c + 1 holds for every number field K. From now on, we will not worry about the precise value of d. Example 2.1. Let K be a quadratic imaginary number field and let M ℓ be the maximal ℓ-abelian ℓ-ramified extension of K. Then Gal(M ℓ /K) = Z 2 ℓ × finite group. If ℓ does not divide the class group of K, then Gal(M ℓ /K) = Z 2 ℓ . Hence, M ℓ contains two independent Z ℓ -extensions, namely the cyclotomic and the anti-cyclotomic Z ℓ -extension. The following theorem is a special case of the structure theorem for noetherian torsion modules over local regular rings.
Λ
d -modules. Let Λ d := Λ d (Γ d ) = lim ← −U Γ d Z ℓ [Γ d /U ] (
Theorem 2.4 (Structure theorem). Every noetherian torsion Λ d -module M is pseudoisomorphic to a direct sum as follows
where P i are height 1 prime ideals of Λ d and r i ∈ N.
In the case d = 1 the structure theorem can be refined as follows. Every noetherian torsion Λ-module M is pseudo isomorphic to an elementary module
with P j distinguished polynomials ordered by divisibility:
χ is called the characteristic polynomial of M , and µ and λ its structural invariants.
In the case M = Gal(K lc ∞ /K ∞ ) is the logarithmic Λ-module corresponding to a Z ℓ -extension K ∞ , we denote its structural invariants µ(K ∞ ) and λ(K ∞ ) (see §3).
Consider an epimorphism π : Λ d → Λ and a noetherian torsion Λ d -module M . We denote A π the kernel of such an epimorphism. The quotient
is clearly a noetherian Λ-module.
2.3. Logarithmic ramification. Let L/K be a finite extension, P and p be places of L and K, respectively, with P|p and p|p. We write K p (resp. L P ) for the completion of K at p (resp. L at P). We denote Q c p the composite of all Z q -cyclotomic extensions of Q p for every prime q.
The logarithmic ramification index and the logarithmic inertia degree are defined as
They satisfy the usual multiplicative relations in towers [5, Thm.
We say that p is logarithmically ramified (log-ramified) ifẽ P|p > 1, otherwise we say p is logarithmically unramified.
If L/K is an abelian ℓ-extension, the ramification index is exactly the order of some subgroup of Gal(L/K). We recall briefly how this is done and we invite the reader to consult [5, 9] for further references. By ℓ-adic class field theory we can identify the Galois group of the maximal abelian ℓ-extension of K p with the inverse limit
. Hence R p corresponds to the decomposition subgroup of p in K ab , the maximal abelian ℓ-extension of K. By taking the logarithmic valuationṽ p [9, §2], we can decompose R p as a product of Z ℓ -modulesπ
The locally cyclotomic extension K lc of K corresponds to the maximal abelian ℓ-extension of K which is logarithmically unramified (everywhere). Under the Galois correspondence it corresponds to the abelian extension fixed by the image in Gal(K ab /K) of the product U p over the finite places of K of the logarithmic unit subgroups U p .
Remark 2.5. Unlike the classical case, the extension K lc is infinite since it contains the cyclotomic
We will use the following result. Lemma 2.6. Let E/F be a Galois ℓ-extension which is logarithmically unramified. Then E/F is unramified outside ℓ.
Proof. By definition we have e P|p = 1 for all finite places P of E. Take a place p|p with p = ℓ. By [5, Thm. 1.4] we have v q ( e P|p ) = v q (e P|p ) = 0 for every q = p. Finally, suppose that v p (e P|p ) = 0, then p|e P|p which implies that p|[E : F ].
2.4. The logarithmic class group. The group Cℓ * K of logarithmic classes of arbitrary degree is the Galois group Gal(K lc /K) of the maximal abelian ℓ-extension of K which splits completely over the cyclotomic Z ℓ -extension K c of K. As stated before K lc is the maximal abelian logarithmically unramified ℓ-extension of K. The logarithmic class group Cℓ K of a number field K corresponds to the Galois group Gal(K lc /K c ).
The logarithmic class group is conjectured to be finite for every number field K and prime ℓ. The conjecture holds if K/Q is an abelian extension and has been proved in some other cases. Additionally it can be verified numerically for pairs (K, ℓ) thanks to the implementation of the logarithmic class group computation in PARI/GP [2] . Proof. Let p be a place of K not dividing ℓ. In this case the logarithmic valuation v p and the usual valuation v p coincide [9, §2] . The kernel U p of the valuation map R p → Z ℓ , is a finite ℓ-group which corresponds, by ℓ-adic class field theory, to the logarithmic inertia subgroupĨ p of the Galois group Gal(K ab /K) of the maximal abelian ℓ-extension of K. Therefore, the image ofĨ p in Gal(K d /K) must be trivial, since Gal(K d /K) has no ℓ-torsion. Using Lemma 2.6 we get the same result for classical ramification.
By the finiteness of the class group, we know that at least one place p|ℓ must ramify. This is also the case for logarithmic ramification. If K d /K is logarithmically unramified, then K d is contained in K lc which is a contradiction to the Gross-Kuz'min conjecture.
Notice that Remark 2.5 implies that the preceding lemma is no longer true when d = 1.
2.5. The cyclotomic case. Let K c be the cyclotomic Z ℓ -extension of K. Let H ′ n be the ℓ-field of ℓ-classes of K n , namely the maximal abelian ℓ-extension of K n such that the places above ℓ are completely decomposed. Here K n is the unique subextension of K c with [K n : K] = ℓ n . Class field theory identifies Gal(H ′ n /K n ) with the group Cℓ ′ n of the ℓ-classes of divisors of K n . Let H ′ ∞ = H ′ n and consider the Galois group C ′ = Gal(H ′ ∞ /K c ). Then C ′ is isomorphic to the projective limit lim ← − Cℓ ′ n . Let Cℓ n be the logarithmic class group of K n . Then for n big enough we have
since ω n C ′ fixes the maximal abelian extension of K n which splits completely over K ∞ .
The Λ-module C ′ is noetherian and torsion. Let µ ′ and λ ′ be its structural invariants. Hence, Iwasawa theory yields that
for someν ∈ Z and n big enough. Moreover, one can show that the µ invariant associated to the inverse limit lim ← − Cℓ n of the ℓ-part of the class groups Cℓ n of K n coincides with µ ′ and that λ and λ ′ differ just by some fixed factor
2.6. Topologies of Z d ℓ -extensions. Let ∆ := ∆(K) be the set of all the Z ℓ -extensions of K. We will recall some topologies that can be defined on ∆.
2.6.1. Greenberg's Topology. Let ∆ n be the discrete topological space consisting of all cyclic extensions of K of degree ℓ n contained in some Z ℓ -extension K ∞ . We endow ∆ with the topology induced by the inverse limit ∆ = lim ← − ∆ n with the natural maps ∆ m → ∆ n for m ≥ n. Hence ∆ is a compact Hausdorff topological space with a basis of the topology given by
for K ∞ ∈ ∆ and n ∈ N.
2.6.2.
Kleine's Topology. Let Pl K (ℓ) be the set of primes of K lying above ℓ. For a Z ℓ -extension K ∞ /K we define P (K ∞ ) (resp.P (K ∞ )) to be the subset of primes in Pl K (ℓ) that ramify (resp. log-ramify) in K ∞ /K.
For every Z ℓ -extension K ∞ of K and n ∈ N we define
The sets Σ(K ∞ , n) (resp.Σ(K ∞ , n)) generate a topology on ∆, which we call Kleine's topology (resp. log-Kleine's topology).
Remark 2.9.
( 3. The logarithmic module
Before proving our main result, let us recall the following. Now we state our main result.
if the Gross-Kuz'min conjecture holds for every subextension
In order to prove the torsion property suppose d ≥ 2, otherwise we know that the result is just Proposition 3.1 in [9] in the non-cyclotomic case and for the cyclotomic Z ℓ -extension this follows from Section 2.5.
Let p 1 , . . . , p s be the primes of K above ℓ that do not split completely in K d . This set is non-empty by Lemma 2.8. If d = 2, it is easy to see that there exists a Z ℓ -extension in which none of the p 1 , . . . , p s is completely decomposed. An inductive argument shows that one can always find such a Z ℓ -extension for d ≥ 2.
We have the short exact sequence of Z ℓ -modules
Taking homology with coefficients in Z we obtain the exact sequence
Here A is the kernel of the map Gal(
LetĨ be the subgroup of G/[G, G] generated by the logarithmic inertia subgroups if all places of K ∞ above p 1 , . . . , p s . Notice that there is a finite number of such logarithmic inertia subgroups.Ĩ is of finite type over Z ℓ . Then we have the following exact sequence
where X is the Galois group of a maximal abelian ℓ-extension of K ∞ which is logarithmically unramified. Hence X is a noetherian Λ-module, and if the Gross-Kuz'min conjecture holds in the finite layers K n of K ∞ , then is torsion.
Topological behavior of logarithmic invariants
Definition 4.1. Let K ∞ be a Z ℓ -extension of K. Recall that a place p of K splits finitely in the tower K ∞ /K if its decomposition group in Gal(K ∞ /K) is open. We say that K ∞ splits finitely if very place p above ℓ splits finitely. Let ∆ 0 be the subset of ∆(K) consisting of the Z ℓ -extensions of K that split finitely. We know that ∆ 0 is a dense subset of ∆(K) [3, Prop. 3] .
The following theorem has been proven by Greenberg in the classical case. It has a local nature and its probably the precursor of the use of topological methods to deduce information on the structural invariants of torsion modules over Iwasawa algebras.
be the structural invariants of its logarithmic module X. Then with respect to Greenberg's topology: 
(ii) Ifμ(K ∞ ) = 0 then the invariantsμ and theλ are respectively zero and bounded in a neighborhood of K ∞ .
The next question, raised by Greenberg, is whether there is a global bound of such invariants. The answer has been positively answered in the classical case independently by Babaȋcev [1] and Monsky [7] . Assume that K ∞ splits finitely. By Theorem 4.8 in [9] the classical µ invariant coincides with the logarithmic µ invariant. By Theorem 3.3 in [1] , we know that the classical µ invariants are bounded in ∆(K).
Let {p 1 , . . . , p s } be the set of primes of K above ℓ ramifying logarithmically in K d . Assume that at least one of the p i , say p 1 splits completely in some Z ℓ -extension K ∞ , otherwise K ∞ would split finitely. Then the decomposition group D p 1 ⊂ Gal(K d /K) is such that
and Gal(K In the proof of the preceding theorem we make use of the fact that the µ invariant equals its classic counterpart µ whenever K ∞ is in ∆ 0 . The proof of the theorem would be straightforward whenever this equality holds in general. Therefore it is very natural to ask whether this is the case. This is source of future work.
